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Abstract 

Recently, a spin one half matter field with mass dimension one was discovered, called Elko 
spinors. The present work shows how to introduce these fields into a curved spacetime by the 
standard covariantisation scheme. After formulating the coupled Einstein-Elko field equations, 
the spacetime is assumed to be homogeneous and isotropic in order to simplify the resulting field 
equations. Analytical ghost Elko solutions are constructed which have vanishing energy-momentum 
tensor without and with cosmological constant. The cosmological Elko theory is finally related to 
the standard scalar field theory with self interaction that gives rise to inflation and it is pointed 
out that the Elko spinors are not only prime dark matter candidates but also prime candidates for 
inflation. 
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I. INTRODUCTION 



Recently and quite unexpectedly a spin one half matter field with mass dimension one 
was discovered in the two papers 1| and ^ by Ahluwalia-Khalilova and Grumiller. These 
non-standard Wigner class spinors are based on the eigenspinors of the charge conjugation 
operator. The resulting field theory is non-local, having the unusual property (CPT) 2 = — 1. 
They belong to a wider class of so-called flagpole spinors, see js| for the Lounesto spinor 
field classification of Elko spinors, they are of class 5. It should be emphasised that class 
4 spinors have not been studied so far, therefore it might be interesting to initiate their 
analysis, also as possible dark matter candidates. 

The dominant interactions \l ] of this field with standard matter only take place through 
the Higgs doublet or with gravity. These properties make the Elko spinors a prime candidate 
for dark matter which is based on first principles. This very attractive feature motivates 
further research on these fields. 

The next logical step is the introduction of these spinor fields into an arbritrary spacetime 
and the analysis of the coupled Einstein-Elko field equations, which is the aim of the present 
work. Elko spinors are non-local, but representations of the Poincare group and therefore the 
covariant derivative can easily be extended. This enables one to construct the Lagrangian 
and hence the coupled Einstein-Elko system can be studied. 

The paper is organised as follows. In Section [Til the covariant derivative when acting on an 
Elko spinor is computed and its general relativistic Lagrangian is constructed. In Section [LTTI 
the spacetime is assumed to be homogeneous and isotropic, and cosmological Elko spinors 
satisfying the cosmological principle are derived. After this kinematical discussion, the 
coupled Einstein-Elko field equations are studied in Section ITVl The Elko field theory as a 
prime candidate to drive inflation is presented in Section [V] Conclusions and an outlook 
are given in the final Section IVI1 



II. DIRAC AND ELKO SPINORS IN SPACETIME 

In this section the covariant derivative, when acting on an Elko spinor is calculated. To do 
so, let us recall the corresponding procedure in case of Dirac spinors. In order to introduce 
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spinor fields let us define the tetrad field such that 

<W = <r, (i) 

where (a, b, . . .) can take the values (0,1,...) and (/j,,u,...) take the values (£,...), the 
names of the coordinates, (a, &,...) are the anholonomic indices, whereas (fi, u, . . .) are the 
holonomic indices. Throughout the paper we use the signature (+, — , — , — ). 
Let a Dirac spinor in Weyl representation be given by 




^=|| , (2) 

and the 7-matrices in chiral form 

v=M. y=r. : i. v= i r - 1 . <sj 
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with 7 5 = i7°7 1 7 2 7 3 . For sake of comparison, the conventions and notation of [l| are 
adopted. The 7-matrices satisfy 

7 (a 7 fe) = v ab , tV* = gT , (4) 

where 7^ = e^7 a . The covariant derivative of a Dirac spinor is defined by 

v a i(> = d a i[>-r a ii>, (5) 

where T a = T a b c f bc and f bc denotes the generators of the Lorentz group, f bc = 7 [7 , 7°], so 
that the covariant derivative (jSJ) becomes 

v a v = <9„V-r a v, r a = ir abc7 y. (6) 

The covariant derivative when acting on a vector is given by 

= + t; k a« . (?) 

The Christoffel symbols T in anholonomic (T^J and holonomic r* form are related by 

Tab = e a e b^ \i e u = e a e b eC K^^u ~ e a e b^lJ- e l > (8) 

r a fe c = S'cdT^ , r a(bc ) = . (9) 
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Alternatively, the covariant derivative ([6]) can be written with a holonomic index 

= drf - I> , V, = l4(V M <) 7 67 c , (10) 

where equation (jSj) was taken into account. 

With the Dirac adjoint given by ip = V^7°> the covariant derivative acting on the scalar 
ipif) is known. This defines the covariant derivative when acting on ip to be 

v a $ = d a $ + $r a . (ii) 

The following relations are quite useful for what follows 

7°7°=1, 7Y = -1, tV= \ " I ■ (12) 



(13) 



From equations (j2j) and ([3]) one can define how the covariant derivative acts on the right- 
and left-handed two-spinor of the Dirac four-spinor. Take into account that the second term 
of equation (jHJ) can be written as follows 

r abc7 V = iWrV + 1W7 + r a « 7 y 





f <rM O 1 




7 y = _ | 














2r a0 ,,7°7 l + r ai ,- 7 y 





'a* o i 




<a k <0>\ 


2r a oi 








lO -a 1 ) 
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Therefore, the covariant derivative (jSJ) can be written as two two-spinor equations 



V a <p R = d a <t> R + {+2T a0i a i - iT aij e i3k a k )(f) R , (15) 
V a L = <9 a L + (-2T a0l a* - /T,„ ; ''V,),)/. . (16) 



Having worked out the action of the covariant derivative on the left- and right-handed spinors 
respectively, one can now turn to the computation of the_covariant derivative, when acting 
on an Elko spinor. Such an Elko spinor is defined by 



0,6 

a r- L i, (17) 




where <f)* L denotes complex conjugation of <pL- The upper sign is for the self conjugate spinor 
and the lower sign for the anti self conjugate spinor with respect to the charge conjugation 
operator. One could have equally well started with the right-handed two-spinor however 
both constructs carry the same physical content. All details regarding the field theory of 
Elko spinors can be found in Ref. with a condensed version published in [2J. 

One can now compute the covariant derivative, when acting on A, by firstly computing 
the covariant derivative of 4>l, and secondly by complex conjugation and multiplication by 
cr 2 from the left of the resulting equation. 

Start by complex conjugating the covariant derivative of the left-handed Dirac spinor ( fl6i) 



v a 02 = d^i + (-2r a0i (aT + ir aii £^(o-fc)*)0L , (is) 

and multiply the latter equation by a 2 from the left 

V a a 2 01 = d a a 2 0i + (-2r a0i a 2 (aT + *r a ^V(a fc )*R • (19) 
For the second term of the right side we obtain 

if i = 2 : -2r a02 a V)*0* = 2r aO2 aV02 , (20) 
if % ± 2 : -2r a0i a V)>* = -2r aOl aV02 = 2T a0l a l a 2 <P* L , (21) 

and for the third term 

if k = 2 : iT aij e^ 2 a 2 (a 2 y<Pl = -tT m] e^ k a 2 a 2 <P* L , (22) 
if k ^ 2 : iT aij £ ijk a 2 (a k )*4>l = iT m ^ k a 2 a k <Pl = -il \ v ^ k a k a 2 4>l ■ (23) 

Combining the equations f|T9|) - fl23|) yields the covariant derivative, when acting on ±a 2 <j)* L , 
to be 

V a (±a 2 <p* L ) = <9 a (±a 2 02) + {+2T a0t a l - iT aij e ijh a k ) (±cx 2 <f ) * L ) , (24) 

which has exactly the same formal structure as the covariant derivative, when acting on the 
right-handed spinor (|15|) . 

Hence, the covariant derivative on an Elko spinor A can simply be written in the usual 
form 

v a A = d a A-r a A, r = ir a6c7 VA. (25) 
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Before defining an Elko dual, the double helicity structure of the spinor A (|T7|) should 
be emphasised (with respect to the standard Dirac adjoint %p = ■0'7° the Elkos have an 
imaginary bi-orthogonal norm 

The helicities of (pi and (J 2 (j)* L are opposite [l|], to distinguish the two possible helicity 
configurations we write 

*->-(T)' — (T) 

The first entry of the helicity subscript {— , +} refers to the upper two-spinor and the second 
the lower two-spinor. Let us henceforth denote the helicity subscript by the indices u, v , . . . 
and define the Elko dual by 

lu = ie v u Xh°, (27) 

with the skew-symmetric symbol £ fc'l| = — 1 = — With the dual defined above one 

finds (by construction) 

*«(p)A«(p) = ±2m5 uv , (28) 

where p denotes the momentum. 

Since the covariant derivative V a obeys the Leibniz rule and its action on the scalar AA is 
known, one can construct the covariant derivative when acting on A (like in the Dirac case) 

V a A = d a A + Ar a . (29) 

It is not very surprising that one obtains the same covariant derivative for the Dirac and 
the Elko spinors. This is due to the fact that the Lorentz generators enter the definition of 
the covariant derivative, and their structure is unaffected by the Elko spinors. 

After deriving the covariant derivative on an Elko spinor, one can formulate the Elko 
Lagrangian. It is tempting to use a kinetic term of the form g^V^AV^A. Note that this 
term if varied with respect to the metric tensor g^ v yields the term V^AV^A which is 
not necessarily symmetric due to the fact that A is a spinor. However, adding the (Elko) 
conjugate leads to a symmetrised kinetic term. Therefore, the following action is obtained 



5elko — / \J— 9 =^elko d^X — j L c lko d^X 

= \j ^(^(V^V.A + V.AV^-m^A + afAA] 2 )^, (30) 
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where J2? e iko denotes the Lagrangian density, L e ik = y/—g ^eiko the Elko Lagrangian, and 
lastly Seiko denotes the Elko spinor action. With g we denote the determinant of the metric. 

Before studying the coupled cosmological Einstein-Elko field equations, let us note that 
the helicity up and down spinors cannot be chosen independently. In the zero momentum 
rest frame the spinors are explicitely (see [2J) given by 



L 



;o) = v 7 ^ 



cos(#/2)e-^/ 2 
sin(fl/2)e^/ 2 



_ . sin(^/2)e-^/ 2 . 
= , (31) 

! cos(#/2)e^/ 2 ' 

where 0^ are helicity eigenstates that satisfy o ■ p0^(O) = ±0^(0), and where p = 
(sin 9 cos 0, sin 9 sin 0, cos 9) is the unit momentum. In order to simplify the following anal- 
ysis as much as possible we will, unless otherwise stated, take p = z = (0,0, 1), i.e. 9 = 
and = 0. This choice yields the following rest frame spinors 





0) = V^\ , 0Z(O) = v^ , (32) 



which can be boosted to arbitrary momentum following 

HQ 

. The Elko spinors constructed 
from these building blocks, with the dual defined by ( |271) satisfy the above mentioned or- 
thogonality relation (1281) and also satisfy the completeness relation 

E( A «(P)^(P)- A «(P)^(P)) = 2ml > ( 33 ) 

u 

where the superscripts s and A denote the self and anti self conjugate spinors. 

III. COSMOLOGICAL KINEMATICS 

In this section the coupled Einstein-Elko system is discussed assuming that the space- 
time is homogeneous and isotropic. Solutions of the coupled Einstein-Elko system will be 
discussed in the next section. Here the focus is more on the kinematical aspects. 

The metric in Friedman-Robertson- Walker (FRW) form is given by 

ds * = dt 2 _ (^L) 2 (dx 2 + dy 2 + dz 2 ) , (34) 
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where a(t) is the expansion parameter, that defines the Hubble parameter by H(t) = 
a(t)/a(t). Therefore we furthermore assume that the Elko spinors also only depends on 
the time coordinate t. For further simplification, and in agreement with the current obser- 
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vat ions in cosmology 
FRW metric 0341) becomes 



5j, the constant time slices are chosen to be flat, k = 0, so that the 



ds 2 = dt 2 - a(t) 2 (dx 2 + dy 2 + dz 2 ) . (35) 
This metric yields the following non-vanishing holonomic Christoffel symbols T K 



a 



-px _ -py _ -pz _ 
y a 

rL = r^ = rL = ad, (36) 

where the dot denotes differentiation with respect to t. Consequently, the non-vanishing 
Christoffel symbols V ^ for the covariant derivative on spinors (see ( TTUT) ) are given by 

01 





= d- 
4 




- T 1 /) 


= af 




i 




- 7 V) 


= af 




= d 4 




- 7 3 7°) 


= af 



02 



03 



(37) 



where f ab are the generator of the Lorentz group (see after (j5J)). 

The Lagrangian for the Elko spinors and the massive complex scalar field Lagrangian are 
formally very similar with the only difference that the one is a spinor while the other is a 
scalar field. It is therefore quite useful to shortly review the energy-momentum tensor and 
the matter field equations for complex scalars. 

A. Complex scalars 

Let us start the kinematical discussion with a massive complex scalar field 0, whose 
Lagrangian reads 

L'U = ^v^GTV^V^ - mJ<W>) , (38) 
where we omitted the self-interaction term a [00] 2 to keep the following as simple as possible. 
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Although the action of a complex scalar field is formally equal to the Elko action (|30|) 
they are very different because of the spinor structure of A. The massive complex scalar's 
energy-momentum tensor is given by 

T, u = 7^|^ = V^V,0 - g^&fr . (39) 

By taking the FRW metric (|35|) into account we explicitely get for the Lagrangian density 
of massive complex scalars 

JS^ = i(3^-mJ#), (40) 

which can be substituted into (1391) to yield the explicit form of the energy-momentum tensor 

T tt = d t 4> d t (j> - l - (d t 4>d t 4> - mj#) = l - (d t 0d t <f> + mj#) , (41) 
a 2 - 

T xx = T yy = T ZZ = — {d t ^d t <P - mj#) . (42) 

The off-diagonal terms all identically vanish, so that the requirement of homogeneity and 
isotropy does not imply further matter restrictions. It is this point that will change signifi- 
cantly, when the energy-momentum tensor for the Elko spinors is derived. 

Variation of the complex scalar field action ( |38l) with respect to <fi and leads to the 
following equations of motions 

□0 + m\<\> = , □<£ + ml4> = , (43) 

where the operator □</> for scalars reads 

n<P = d tt <p + 3(^)0^. (44) 



A cautionary note: (see Variation of PUj) with respect to <p does not lead to the correct 
equations of motion (14"3~I) . instead one would arrive at 

ducf) + mj0 = , (45) 

together with the conjugate equation, which does not take into account the second term of 
the □</> operator according to (j44l) . 

The reason why the equations of motion of the reduced theory are not equivalent with the 
equations of motion of the original theory, when the latter is restricted to homogeneity and 
isotropy lies in the fact that the "principle of symmetric criticality" |7|] cannot be applied 
in that case (opposed to spherical symmetry where the equations of motion are equivalent). 
In that respect the reader is referred to 0, 3|. 



B. Elko spinors in cosmology 



The calculations of the previous subsection are now repeated for the Elko spinors. It 
turns out that things change considerably due to the spinor nature of Elkos. Variation of its 
Lagrangian (1301) with respect to the metric tensor g^ u yield the following energy-momentum 
tensor 

= - (V M AV.A + V„*V M A) - (^Jzfeiko • (46) 



Start with the explicit form of the Lagrangian density Jzf e iko by taking the FRW metric (1351) 
into account. The kinetic term becomes 

g^V^VuX = <T + AT M ) (d^X - T M A) 

= g^d^d.X - Xg^V,Y v X (47) 

where we took into account that T t = and d x ^ tZ \ = 0, and therefore find 

<T V„ A V, A = d t Xd t X + - A (^) 2 AA , (48) 

where it was moreover used that 

T x T x = T y T y = T z T z =-a 2 l. (49) 

Hence the explicit form of the Lagrangian density is given by 

^eiko = \ (dtXd t X + 2 AA - m 2 AA + a[AA] 2 ) , (50) 

which should not be varied with respect to the matter fields, see the cautionary note above. 

Inserting the later form into fj46l) yields explicitely the components of the energy- 
momentum tensor 

T a = V t XV t X - ^ clko = d t Xd t X - J? clko , (51) 

where T t = was used, i.e. VjA = d t X, so that 

T tt = ^{d t Xd t X - \(^f^X + m 2 AA - a[AA] 2 ) . (52) 

Similarly, for the three equal (T xx = T yy = T zz ) spatial components of the energy-momentum 
tensor one finds 

T xx = V^AV^A + a 2 Jzfeiko = ~~ AT'aTa.A + a 2 Jzf e ik 

= -^a 2 AA + ^(^A9 t A + |(-) 2 AA-m 2 AA + a[AA] 2 ) , (53) 
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which finally yields the following expression 

T xx = y (dMX + l - Q \x - m 2 XX + a[AA] 2 ) . (54) 

One can easily verify that the off-diagonal spatial components of the energy-momentum 
tensor for Elko spinors identically vanish. However, the time-space components T tx , T ty and 
Tt z , which would correspond to heat fluxes, require a careful analysis. 

Obviously, the terms gtx-^eiko , ■ ■ ■ are absent in the energy-momentum tensor because the 
metric is symmetric. For the component T tx the remaining term reads 

T tx = l - {v t Xv x x + v,Av t a) = l - {d t X(-r x x) + Xr x d t x) , (55) 

which with fl37|) can be written as 

T tx = ±(-dd t Xf 01 X + dXf m d t X), 
Accordingly for the remaining two components are 

T ty = ^{-ad t Xf 01 X + alf 01 d t X), 

T tz = ^(-ad t Xf 01 X + aXf 01 d t X), 

These three components of the energy-momentum tensor do not vanish on general grounds 
for a generic spinor A. In order to get a self-consistent set of equations of motion we 
must therefore read the vanishing of equations fl5T)|) - flo'8|) as matter restrictions, i.e. on the 
spinors. This is of course expected, since the spacetime under consideration is homogeneous 
and isotropic. This requirement reduces the the metric from 10 independent to just one 
function. Hence it is expected, that also the number of independent functions for the spinors 
should reduce. 

Before the consequences of these matter restrictions are discussed, let us shortly mention 
the matter equations of motion. Variation of the action (l30il with respect to the spinors X 
and A respectively yields the equations of motion 

□A + m 2 A + 2a[AA]A = 0, (59) 
□A + m 2 A + 2a[AA]A = 0, (60) 
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where OX = g^V^V^A for the FRW metric (1351) is given by 

3 /d\2 



ox = d u x + ?>(-)d t x-U- 



A. 



(61) 



Note the difference between OX and the scalar field analogue 0<p in equation (|44|) . 



Elko's matter restrictions 



For self-consistency of the coupled Einstein-Elko system one must require 



T tx = , T ty = , T tz = , 



(62) 



which puts restrictions on the Elko spinors that we will work out explicitely now. The 
vanishing of these components is also a consequence of the field equations, since the geometric 
part of them is diagonal, i.e. Gt x = Gty — Gtz — 0. However, the notion of matter restrictions 
might be slightly more appropriate, since before coupling any matter, the matter should obey 
the same symmetry properties as the spacetime. However, the approach followed here seems 
to be more direct and better accessible. 

Following (1261) . specify the left-handed spinors 0^ and 0^ with respective helicity up and 
down to be 



(63) 



where A = A(t), B = B{t), P = P(t) and Q = Q{t) are complex valued functions of the 
time variable t. With these definitions the Elko spinors (1261) become 



{-,+} 



±iA 
A 

V B J 



A 



{+,-} 



±iP 
P 

\ Q J 



(64) 



where we recall that the upper and lower signs correspond to the self and anti self conjugate 
spinors. Sometimes the corresponding spinors will be denoted by superscripts 5 and A 
respectively. In order to work out these matter restriction, we follow the author's previous 
work [h]], where Dirac spinors were spherically reduced. 



12 



From the spinors (I64I) the following dual spinors by ([27)1 can be derived 

A { _, +} = +*A{ +; _ } 7 = (ip iQ T Q ±p) , 

= -iA f { _ +} 7 = (-iA -iB ±B ■ (65) 

To avoid calculations involving complex valued functions, henceforth the functions A = A(t), 
B = B(t), P = P(t) and Q = Q(t) are written as 

A = A + iA 1 , B = B + iB 1 , 

P = P + iP u Q = Q + iQi. (66) 

Let us assume that the spinor in (|56|) is given by A? + x, the self conjugate Elko spinor with 
helicities down and up. This yields the following explicit form of the (tx)-component of the 
energy-momentum tensor 

T tx [\ = Af_ i+} ] = ^(A Po - A P - A X P X + A 1 P 1 

- B Q + B Qo + B 1 Q 1 - B 1 Q 1 ) . (67) 

Had one started with the anti self conjugate spinor + y in equation (|56j) . one would have 
obtained the same result with an overall factor of —1, which can easily be verified. On the 
other hand, one could have started out the calculation with the opposite helicity spinors 

S -A 

A{^__}, which have the helicity structure up and down. However, the results obtained so, 
again only differ by overall factors of —1, so that one can summarise the results for the four 
possible choices to be 

T tx [\ = Af_ i+} ] = -T tx [X = Af_ i+} ] = -T tx [X = \f +t _ } ] = T tx [X = Xf +> _ } ] . (68) 

The same of course holds for the two other components of the energy-momentum tensor, 
which explicitely read 

T ty [X = Af_ )+} ] = ^(-AqPx + AoP, - A.Po + A 1 P Q 

- B Q 1 + BqQ, - BiQo + B X Q Q ) , (69) 

and for the last component we obtain 

T tz [X = Af_ )+} ] = ^(-A Q + A Q + A 1 Q 1 - A 1 Q 1 

- B P + B P + B 1 P 1 - B 1 P 1 ) . (70) 
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As already mentioned before, these three components must vanish identically in order to 
have a consistent set of field equations. Had we taken any other spinor of the four possible as 
the starting point, we would have only gotten an overall sign, which becomes unimportant 
if the quantity has to vanish. Therefore, the same matter restrictions for all four possible 
Elko spinors are equal. Taking the consistency requirement (lolZj) into account, the matter 
has to satisfy the following relations 

A P - A P - A X P X + A 1 P 1 - B Qo + B Qo + B X Q X - B X Q X = , (71a) 
-A Pi + A P X - A X P + A X P - B Q X + B Q X - B X Q + B X Q = , (71b) 

-A Q + A Q + A X Q X - A X Q X - B P + B P + B X P X - B X P X = . (71c) 

According to the rest frame spinors (|32l) where p = (0, 0, 1) let us start with the natural 
simplifying choice of setting B = and P = 0, which means that we choose flo^l) of the 
following form 




where the basis vectors were denoted by u and v. Note the minus sign in L , due to the 
rest frame spinors (132|) . In that case the equations (!7T|) simply reduce to 

A Qo - A Qo - A X Q X + A X Q X = , (73) 

where f TTTal) and (j71bl) were automatically satisfied, and we are left with only one additional 
condition that has to be satisfied by the matter. The next natural choice is to take the 
two-component building block of the one spinor real and the other imaginary. 

Hence, if one furthermore sets (a) A x = and Qq = then also equation (I731 is satisfied 
and one finally has a diagonal energy-momentum tensor as required by the FRW metric 
and its resulting Einstein tensor. Alternatively, one can choose (b) Aq = and Q x = 0, 
which also solves the remaining condition. For the first case this corresponds to choosing 
the spinor <p\ real and (ft^ imaginary, and vice versa for the second case 

a: 0+ = A u , 0~ = iQ x v , (74) 

b: <Pl = iA x u , <Pl = Q v . (75) 
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The explicit form of the complete Elko spinor can now be read off from equations (JS! 
and (p5). 

Next, let us compute the norm of the spinors AA, satisfying the three equations (ITTi) . It 
turns out that the norm vanishes in both cases 

a, b: AA = . (76) 

Not only does the norm of these spinors vanish, furthermore we find 

a, b: dtXd t X = . (77) 

This would imply that the energy-momentum tensor for such spinors vanishes identically, 
corresponding to ghost Elko spinors. The equations of motion for the Elko spinors could be 
solved, however they would not contribute to the curvature of spacetime. Ghost solutions 
with vanishing energy-momentum tensor are quite well known in the context with neutrinos 

nn 

and they have been studied by several authors in the 1970's, see e.g. 1121 ] . In the next 
section some analytical ghost Elko solutions will be presented. 

Since one is also interested in non-ghost Elko matter, one should restart satisfying the 
equations (ITT]) so that the norm of the spinors does not vanish and the matter does contribute 
to the curvature of spacetime. The norm of the spinors reads 

AA[A = Af_ i+} ] = 2(-A Q + A X Q X + B P Q - B X P X ) , (78) 

and similar to equation fl68|) we find 

AA[A = Af_ !+} ] = -AA[A = Xf_ t+} ] = -AA[A = Af + ,_ } ] = AA[A = Af + ,_ } ] . (79) 

In addition to requiring equations flTTj) one adds the condition of having a non-vanishing 
norm 

i 

AA ^ . (80) 

which written out in components leads to the condition 

-A Q + A 1 Q 1 + B P -B 1 P 1 ^0. (81) 

Let us start, as before, by the natural choice B = P = with spinors (172]) and note again 
the minus sign that was inserted to agree with (l3Tj) . Now, we also take the non- vanishing 
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of the norm of the spinors into account. Equations (ITT!) and the norm (IHTI) become 

A Q Qo - A Q - A X Q X + A x Qi = , (82) 
XX = ±2(A Q - A 1 Q 1 ) ^0, (83) 

where the upper and lower sign corresponds to the self and anti self conjugate spinors (see 
equation (fTTj) and thereafter). 

As was already noticed before, one cannot satisfy both conditions simultaneously by 
setting two of the remaining four free functions in (IHBl) equal to zero. However, one may 
proceed in the following way. Let us assume that the first and the second pair of terms 
in (j82p vanish independently, so that we arrive at the following three conditions 

A Q - A Qo = Q = a A , 

A 1 Qi-A 1 Q 1 = Q 1 = a 1 A l , 

XX = ±2{A Q + A X Q X ) = ±2(a A 2 - a x A\) ^ . (84) 

In order to simplify the spinors as much as possible we can put one of the two remaining 
free functions equal to zero, (I) Q = a A = or (II) Qi = aiAi = 0, so that 

I: (pl = iA 1 u, (pl = ia 1 A 1 v, ~X\ = ±2{-a x A\) , (85) 
II: 0+ = A o u, <j)Z = a A v, IX = ±2(a A 2 ) . (86) 

Finally we are left with one independent function for both, the self and the anti self con- 
jugate Elko spinor. This result is not unexpected, as will be explained. The cosmological 
Einstein field equations for the FRW metric are just two independent field equations, that 
imply energy-momentum conservation by virtue of the contracted Bianchi identities. The 
geometrical part of the field equations contains only one unknown function, namely the scale 
factor a(t). Hence, a consistent set a field equations requires also just one unknown function 
on the matter side. The above derived solution to the matter restrictions yields exactly the 
expected. 

Some further remarks are appropriate in order to close this section. It was natural in 
the above to assume that the functions B = P = vanish based on the zero momentum 
rest frame spinors (|32|) . However, this already assumed a very specific direction of the 
momentum, namely p = z = (0,0,1). Had one started with another choice, p = y = 
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(0, 1, 0) say, there would still be one free function, but the purely spinorial parts would 
have a different direction. Finally, one could have started with the generic form of the zero 
momentum rest frame spinors (13 ip to obtain the most general form of the Elko spinors 
compatible with the cosmological principle. In any case, the qualitative results would not 
change considerably, since there must remain one free function on the matter side. 

One should also shortly comment on the assumption that the two pairs of term in equa- 
tion fl82l) vanish separately. This is also a simplification that in the generic discussion should 
not be taken into account. However, it was the aim of the above construction to find a 'min- 
imal' Elko spinor that satisfies the cosmological principle of homogeneity and isotropy on 
large scales. This 'minimal' Elko spinor is still rich enough in its structure to possibly 
account for an alternative to inflation, as will be shown in the next but one section. 

IV. DYNAMICAL ASPECTS OF THE COSMOLOGICAL EINSTEIN-ELKO SYS- 
TEM 

Having solved the conditions that the matter has to satisfy in order to yield a diago- 
nal energy-momentum tensor, one can now turn to the cosmological field equations of the 
Einstein-Elko system. 

The gravitational field equations for the FRW metric fl35l) reduce to two independent 
equations 

Ga = zQ 2 = 3H 2 = KT ttl (87) 

Gxx = -a 2 - 2aa = -3H 2 -2H = kT XX} (88) 

where k if the gravitational coupling constant and H = a/a denotes the Hubble parameter 
that in some calculations turns out to be quite useful. Moreover we took into account that 
G xx — Gyy = G zz and also T xx = T yy = T zz . Differentiation of the first field equation and 
elimination of the term H yields the conservation equation (the contracted Bianchi identity) 

f tt + 3H(T tt + T xx ) = 0. (89) 

With ( 1521) and ( 1541) the field equation explicitely written out become 

3 (-) 2 = K Ud t ld t X - \{^f^ + m 2 lX - a[X\} 2 ^ , (90) 

_ Q 2 _ 2- a = K \ (dM\ + i (^) 2 }A - m 2 \\ + a[\\} 2 ) . (91) 
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The energy conservation equation can also be made explicit by using (!89|) together with (|52|) 
and (154")) . however, this lengthy equation is suppressed since it does not contain new infor- 
mation. The matter fields also satisfy its corresponding equations of motion, given by (IBUj) 
and the dual equation floDl) . which are not independent due to the conservation equation. 

The above system of differential equations (I90I) - (I91I) can be studied analytically or nu- 
merically with suitable initial conditions. If one assumes the Elko matter to be ghost like, 
i.e. with vanishing energy-momentum tensor, then one can easily solve these equations ana- 
lytically. In the non-ghost case it seems quite hopeless to find analytical solutions since the 
system is highly non-linear. 

As was already pointed out in section IIIIBl if we choose the spinors to satisfy the matter 
constraints as put forward in the cases a or b, then the energy-momentum tensor vanishes 
identically. Taking into account XX = 0, the field equations and matter equations of motion 
simplify to the following set of equations 



si =y 



, — a — 2 a a = . 

d tt X + 3(^-)d t X--(^) 2 X + m 2 X = 
\a/ 4Va/ 

dtt X + 3(-W - + m 2 X = 

Va/ 4Va/ 



(92) 

(93) 
(94) 



Equations (1921) can easily be solved and we find as a general solution that the expansion 
parameter a(t) = a g = const, must be some constant. Taking this into account, the matter 
equations of motion reduce to 



d tt X + m 2 X = , 
d tt X + m 2 X = , 



(95) 



which is simply the differential equation for the harmonic oscillator, which is independent 
of the precise spinor structure of the Elkos. Nevertheless, for sake of completeness, let us 
assume that we have the spinors of case a where the complete spinor reads 

/o\ 

±i 



X 



{-,+} 



A 



1 



A 



{+,-} 



iQi 






v-v 



(96) 
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with their respective dual spinors given by 

A { _, +} = iQ x (o i ±1 o) 



A {+ ,_ } = A i^-i =FlJ • (97) 

Note that it is now irrelevant, which of the four spinors (A? + y, \f_ + y, \^ + or A^_ _0 
we use as our starting point in the equations of motion fl95l) . the ± signs, due to the self or 
anti self conjugate spinor, drop out of the equations. In any of the four possible cases the 
two resulting equations simply become 

d tt A + m 2 A = , 

duQ! + m 2 Q 1 = , (98) 

which have the general solution 

A (t) = c\ sin(mt) + c% cos(mt) , 

Qi(t) = C3 sin(mt) + C4 cos(mt) , (99) 

where c, are arbitrary constants. It is easily verified that these spinors indeed yield a 
vanishing norm. 

By adding the cosmological constant in the field equations (192]) the structure of the 
resulting equations gets slightly more complicated, however an analytic solution can still be 
presented. With A one has 

3(£) 2 -A = 0, -a 2 -2a'd + a 2 A = 0, (100) 

for which the well known general solution reads as follows 



a(t)=exp(±y / -t), H(t) = ± = ±^-. (101) 



With the cosmological term, the matter equations of motion become 

„ . 3A 



d tt \±3 X /'jd t \-^j\ + m 2 \ = 0, (102) 
A„, 3A, „ 



d tt X ± 3\l -d t X - --A + m 2 A = . (103) 
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Inserting, as before, the equations (196]) and (1971) yields 

A 



d tt A + V3A d t A - jA + m 2 A = , (104) 
<9 tt Q 1 + V3A<9 t Q 1 --Q 1 + m 2 Q 1 = 0, (105) 

where we only took the positive sign into account. The general solution of the matter 
equations read 

A {t) = c 5 exp(tr + /2) + c 6 exp(tr_/2) , 
Qi(t) = c 7 exp(tr + /2) + c 8 exp(tr_/2) , 



r± = -V3A± 2VA - m 2 . (106) 
The negative sign in (11031) yields the same formal structure of the solution, but with t± = 



VoA±2v / A — m 2 . As before, it is easy to verify that the norm of the these spinors vanishes 
and so does its energy-momentum tensor. It is quite interesting in this setup that the 
mass of the spinors and the cosmological constant are related, compare e.g. [13], where 
ghost solutions of the Einstein-Cartan-Dirac system were analysed and it was found that 
the cosmological constant and the mass of the Dirac fermions are related by A = —3m 2 . 

The functions A Q and Q\ are real valued by construction, therefore, in order to have well 
defined functions in f l 1 6 [) we must require 

m 2 <A, (107) 

which means that ghost Elko spinors can only exist for relatively small masses. It is inter- 
esting to note that the massless limit in (11061) is well defined, although the underlying field 
theory of massless Elko spinors is subtle and in fact the massless limit of an Elko quantum 



field theory is singular (see Section 8.2 of Ref [l]), because of the theory's non-locality. 

V. CAN ELKO DARK MATTER DRIVE INFLATION? 

The theory of phase transitions is used to study cosmological applications of field theories. 
The simplest inflationary models are based on a scalar field theory with self-interaction term. 
Inflationary models seem to be an unavoidable part of cosmology if one wishes to solve the 



flatness and horizon problems 



14j. Another attractive feature of inflationary models is 
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that supersymmetric theories gain stron g su pport from inflation, or as other authors put it 



'inflation cries out for supersymmetry" 



15|. Since all observational data 0, 0] favours flat 



constant time hypersurface (k = 0), this gives strong support for an inflationary phase in 
the universe. 

For sake of concreteness, we specialise to the non-ghost case II in which the spinors take 
the following form 

/o\ /±A 

±i 



1 



A 



{+,-} 



a A 






v-v 



with their respective dual spinors given by 



\-,+} = ®oA (o -i ±1 
A {+ ,_ } = A (-i =Fl) • 



(109) 



(110) 



The following norms for the spinors are implied 

^{-,+}^{-,+} = ^{+,-}^{+,-} = ±2a -4o- 
Let us now put these simplified spinors back into the Elko Lagrangian 

& = \ (V^AV.A - m 2 AA + a[AA] 2 ) , (111) 

and analyse its formal structure. At this stage we can use either one of the two spinors 
A{_ i+ } or A{ +i _} and the final result will be unaffected by that. The three respective terms 
in the above Lagrangian explicitely written out become 



//"" V^AV.A = ±2a A 2 ±^(£) 2 2a Al 
m 2 AA = ±m 2 2ao^o > 



a[AA] 2 = a[2a A 2 } 2 , 



;ii2) 



where the ± drops out in the self-interaction term. After introducing the new scalar field $ 
by 



(113) 
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the terms (11131) can be rewritten so that the Elko Lagrangian in terms of the scalar field $ 
is given by 

jgf = ±1 ($2 + 3 fa\ 2 $2 _ m2$2 ± (n4) 



~2V 4\aJ 
Finally, introduce an effective mass m e g as 



™eff =m2 -i(S ' (U5) 

and let us write the term $ 2 with the help of the covariant derivative such that $ 2 = 
g^VpQVv® (for which it is crucial the $ is a scalar field, see equations ( 1381) and ( j4THl ) the 
Lagrangian becomes 

Jgf = ±^ (g^V^VvQ - m 2 ff $ 2 ± «$ 4 ) . (116) 

It is this latter (without the effective mass term) scalar field Lagrangian, or field theory, 
with self interaction that gave rise to today's inflationary models. 

Elko spinors are prime dark matter candidates since their interaction with standard model 
particles is very weak, see [l, 2] for details. The simplest cosmological Elko spinors satisfy 
scalar-like equations of motion and allow a (power counting renormalisable) quartic self 
interaction term. Such a model can be mapped to a scalar field theory and it is tempting to 
not only regard the Elko spinors as prime dark matter candidates but also to consider them 
as the actual source of inflation. 

This would put both, dark matter and inflation, on a firm and unified and first principle 
theoretical footing, since the only ingredient is the mass dimension one Elko spinor. So, to 
finally answer the question asked in the title of this section, yes, it seems probable that Elko 
dark matter could drive inflation. 



VI. SUMMARY AND FURTHER OUTLOOK 



In the present work the recently discovered Elko spinors were introduced into spacetime by 
the standard covariantisation procedure. After assuming a cosmological spacetime, analytic 
ghost Elko solutions were presented. Finally it was shown that the Elko spinor is a first 
principle prime candidate for inflation, having more attractive features than today's models, 
because the Elko spinor might account for both, dark matter and inflation. Since the 
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complete Elko spinor has four independent rest frame spinors, just like the Dirac spinor, these 



additional degrees of freedom may also account for double inflation This possibility 

makes the Elko spinors an even more interesting candidate for the physics of inflation. 

There are several open questions that are subject to further research. The theory of phase 
transitions should be applied to the Elko quantum field theory, in order to investigate its 
consequences, in particular whether it is indeed a prime candidate for inflation, as suggested 
here. From a conceptual point of view if would be interesting to formulate the Elko spinors 



within the Geroch-Held- Penrose spin coefficient formalism 17|. This would further enlighten 



10] , it would 



the geometrical structure induced by these spinors. Moreover, along the lines of 
be interesting to study the coupled Einstein-Elko system in spherical symmetry. 

Another possibility, to further study Elko spinors, is the analysis of their structure in 
spacetimes with torsion, see e.g. Q|- If the Elko spinors are minimally coupled, the 



resulting torsion tensor is quite complex, for first results see [20J. This can be directly 
seen from the fact that the Lagrangian is non-linear in the spinors and hence also the 
contortion tensor would appear quadratically in the matter action. Moreover, terms of the 
form J\KVX are also present in the action, see [18] for the massive vector field discussion that 
shows similar properties. The sensitivity of Elko spinors for torsion can also be understood 
from their helicity structure. In contrast to the Dirac spinors, where both two-spinors 
have the same helicity, the Elkos have a dual helicity structure. It is clear that such an 
opposite helicity configuration is affected by torsion more significantly than the aligned 
helicity structure of Dirac spinors. 

Finally I would like to conclude that the Elko spinors provide us with a rich source 
of further investigation, interesting for many aspects of general relativity and gravitation: 
inflation, early cosmology and dark matter regarding today's problem in standard cosmology; 
spherical and axial symmetry for exact solutions; the spin coefficient formalism in order to 
study their geometrical structure; and alternative theories of gravity with torsion because 
of their dual helicity structure. 
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